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Abstract
Let n be an integer. D(n)-m-tuple is a set of m positive integers with the property that the product of
any two of them increased by n is a perfect square. In this paper, we prove that there does not exist a
D(4)-sextuple.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
Definition 1. Let n be an integer. A set of m positive integers is called a Diophantine m-tuple
with the property D(n) or simply D(n)-m-tuple, if the product of any two of them increased by
n is a perfect square.
The problem of finding such sets was first studied by Diophantus in the case n = 1. He
found a set of four positive rationals with the above property: { 116 , 3316 , 174 , 10516 }. However, the
first D(1)-quadruple, set {1,3,8,120}, was found by Fermat. Later Euler was able to add the
fifth positive rational, 7774808288641 , to the Fermat’s set (see [4], [5, pp. 103–104, 232]), i.e. he found a
D(82886412)-quintuple. There exist D(n)-quintuples with smaller n, i.e. {5,21,64,285,6720}
is a D(256)-quintuple (see [6]). Recently, Gibbs [12] found several examples of D(n)-sextuples,
e.g. {99,315,9920,32768,44460,19534284} is a D(2985984)-sextuple. It is conjectured that
there does not exist a D(1)-quintuple. In 1969, Baker and Davenport [1] proved that the Fermat’s
set cannot be extended to a D(1)-quintuple. Recently, Dujella (see [7]) proved that there does
not exist a D(1)-sextuple and there are only finitely many D(1)-quintuples. This result implies
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[9]). The author (see [10]) improved this result proving that there does not exist a D(4)-septuple.
The purpose of the present paper is to improve upon this result.
We conjecture that for n = 4 there does not exist a D(4)-quintuple. There is even a stronger
version of that conjecture (see [9, Conjecture 1]):
Conjecture 1. There does not exist D(4)-quintuple. Moreover if {a, b, c, d} is a D(4)-quadruple
such that a < b < c < d , then
d = a + b + c + 1
2
(abc + rst),
where r , s, t are positive integers defined by
ab + 4 = r2, ac + 4 = s2, bc + 4 = t2.
We see if d = a + b + c + 12 (abc + rst) then {a, b, c, d} is a D(4)-quadruple. We will denote
this number by d+. We also define d− = a+b+ c+ 12 (abc− rst). If d− = 0, the set {a, b, c, d−}
is also D(4)-quadruple, but d− < c.
Definition 2. A D(4)-quadruple {a, b, c, d} such that d > max{a, b, c}, is called regular if
d = d+.
We have checked, that all D(4)-quadruples {a, b, c, d} such that max{a, b, c, d} 4 · 107, are
regular.
Mohanty and Ramasamy were the first to prove a result on the non-extendibility of D(4)-m-
tuples (see [14]). There they proved that D(4)-quadruple {1,5,12,96} cannot be extended to a
D(4)-quintuple. Later Kedlaya (see [13]) proved that if {1,5,12, d} is a D(4)-quadruple, then
d = 96.
A generalization of this result was given by Dujella and Ramasamy in [9] where they proved
Conjecture 1 for a parametric family of D(4)-quadruples. Precisely, they proved that if k and d
are positive integers and
{F2k,5F2k,4F2k+2, d}
is a D(4)-quadruple, then d = 4L2kF4k+2, where Fk and Lk are Fibonacci and Lucas numbers.
A second generalization was given by Fujita in [11]. There he proved that if k  3 is an integer
and {k − 2, k + 2,4k, d} is a D(4)-quadruple, then d = 4k3 − 4k. Both these results support
Conjecture 1.
Our main result is following theorem.
Theorem 1. There does not exist a D(4)-sextuple.
In the proof of nonexistence of a D(4)-sextuple we will mostly use the strategy and methods
from [7], along with results that have been proven in [10]. First, we will transform the problem
of extending of the D(4)-triple {a, b, c} to a quadruple, to solving a system of simultaneous
Pellian equations. This reduces to finding the intersection of binary recurrence sequences. By
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Here we will improve gap principle from [10] which will give us slightly better constants. Using
congruence relations we will get a lower bound for the solutions. In obtaining this bound we will
assume that our triple satisfies some gap principles, precisely c > max{7b11,1026}. Comparing
this with the upper bound obtained from Bennett’s theorem on simultaneous approximations of
square roots of algebraic numbers that are close to 1, we will prove our main theorem, except
for finitely many D(4)-triples. In particular, here we will prove that an irregular D(4)-quadruple
cannot be extended to a sextuple. Because this proof is very similar as in [10], we will not give
all details here. To finish our proof we will use Baker’s theory of linear forms in logarithms
of algebraic numbers. For finitely many remaining D(4)-triples, we will prove that they can be
extended to a quadruple in a unique way.
2. System of Pellian equations
Let {a, b, c} be a D(4)-triple such that a < b < c, and let r, s, t be positive integers defined by
ab + 4 = r2, ac + 4 = s2, bc + 4 = t2. (1)
If we want to extend {a, b, c} to a D(4)-quadruple {a, b, c, d}, then we have to solve the
system
ad + 4 = x2, bd + 4 = y2, cd + 4 = z2,
with positive integers x, y, z. Eliminating d we get the following system of simultaneous Pellian
equations
az2 − cx2 = 4(a − c), (2)
bz2 − cy2 = 4(b − c). (3)
From the theory of Pellian equations we can describe the sets of solutions of Eqs. (2) and (3)
in the following lemma (see [9, Lemma 2] and [10, Lemma 1]).
Lemma 1. There exist positive integers i0, j0 and integers z(i)0 , x
(i)
0 , z
(j)
1 , y
(j)
1 , i = 1, . . . , i0,
j = 1, . . . , j0, with the following properties:
(i) (z(i)0 , x(i)0 ) and (z(j)1 , y(j)1 ) are solutions of (2) and (3).
(ii) z(i)0 , x(i)0 , z(j)1 , y(j)1 satisfy the following inequalities
1 x(i)0 
√
a(c − a)
s − 2 <
√
s + 2 < 1.236 4√ac, (4)
∣∣z(i)0 ∣∣
√
(s − 2)(c − a)
a
<
√
c
√
c√
a
< 0.468c, (5)
1 y(j)1 
√
b(c − b)
<
√
t + 2 < 1.122 4√bc, (6)t − 2
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√
(t − 2)(c − b)
b
<
√
c
√
c√
b
< 0.360c. (7)
(iii) If (z, x) and (z, y) are integer solutions of (2) and (3), then there exist i ∈ {1, . . . , i0},
j ∈ {1, . . . , j0} and integers m,n 0 such that
z
√
a + x√c = (z(i)0 √a + x(i)0 √c )
(
s + √ac
2
)m
, (8)
z
√
b + y√c = (z(j)1 √b + y(j)1 √c )
(
t + √bc
2
)n
. (9)
Let (x, y, z) be a solution of the system of Eqs. (2) and (3). Then from (8) we get z = v(i)m for
some index i and integer m 0, where
v
(i)
0 = z(i)0 , v(i)1 =
1
2
(
sz
(i)
0 + cx(i)0
)
, v
(i)
m+2 = sv(i)m+1 − v(i)m . (10)
From (9) we conclude that z = w(j)n for some index j and integer n 0, where
w
(j)
0 = z(j)1 , w(j)1 =
1
2
(
tz
(j)
1 + cy(j)1
)
, w
(j)
n+2 = tw(j)n+1 − w(j)n . (11)
By induction, using (10) and (11), the following lemma is easy to prove.
Lemma 2. For the sequences (vm) and (wn) we have
v
(i)
2m ≡ v(i)0 (mod c),
v
(i)
2m+1 ≡ v(i)1 (mod c),
w
(j)
2n ≡ w(j)0 (mod c),
w
(j)
2n+1 ≡ w(j)1 (mod c).
From now on, we will omit the indices i and j . Because we are looking for the solution of our
system of Eqs. (2) and (3) such that d = z2−4
c
is an integer, from z = vm = wn, using Lemma 2
we get
z20 ≡ z21 ≡ 4 (mod c).
3. Gap principles
In this section we will improve gap principles from [10]. First we need two lemmas.
Lemma 3. (See [10, Lemma 5].) If vm = wn, then n − 1m 2n + 1.
Lemma 4. (See [10, Lemma 9].)
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st), or |z0| < 1.608a− 514 c 914 .
(ii) If the equation v2m+1 = w2n has a solution, then |z0| = t , |z1| = 12 (cr − st), z0z1 < 0.
(iii) If the equation v2m = w2n+1 has a solution, then |z1| = s, |z0| = 12 (cr − st), z0z1 < 0.(iv) If the equation v2m+1 = w2n+1 has a solution, then |z0| = t , |z1| = s, z0z1 > 0.
And now we can prove the following.
Lemma 5. Let vm = wn and {0,1,2} ∩ {m,n} = ∅. Then m  5 or m = n = 4 and in the last
case c > 0.036b3.5.
Proof. From what has been proved in [10] and using Lemma 3 it is enough to prove that
we cannot have v3 = w4, v4 = w3, v4 = w5 and that we can have v4 = w4 only in the
case |z0| < 1.608a− 514 c 914 . Then from the proof of [10, Lemma 9] in this case we know that
{a, b, d0, c} is irregular D(4)-quadruple where d0 = z
2
0−4
c
, and then [10, Proposition 1] implies
c > 0.036b3.5a2.5 > 0.036b3.5.
Let v3 = w4. Then from Lemma 4 we have v0 = t and w0 = 12 (st − cr) or v0 = −t and
w0 = 12 (cr − st). In the first case we get
v3 = 12acst +
1
2
ac2r + 3
2
cr + 1
2
st
and
w4 = 12bcst +
1
2
bc2r + 3
2
cr + 1
2
st.
And we get contradiction because a < b. In the second case we have
v3 = −12acst +
1
2
ac2r + 3
2
cr − 1
2
st
and
w4 = 12b
2c3r + 5
2
bc2r + 5
2
cr − 3
2
bcst − 1
2
b2c2st − 1
2
st.
Now v3 = w4 implies
rc
(
1
2
b2c2 − 1
2
ac + 5
2
bc + 1
)
= st
(
3
2
bc + 1
2
b2c2 − 1
2
ac
)
,
which is contradiction because st < cr .
Let now v4 = w3. Again from Lemma 4 we have two cases. First let v0 = 12 (cr − st) and
w0 = −s. Then we get
v4 = 1a2c3r + 5ac2r + 5cr − 3acst − 1a2c2st − 1 st2 2 2 2 2 2
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w3 = −12bcst +
1
2
bc2r + 3
2
cr − 1
2
st.
As in previous case we get contradiction using st < cr , because v4 = w3 implies
rc
(
1
2
a2c2 − 1
2
bc + 5
2
ac + 1
)
= st
(
3
2
ac + 1
2
a2c2 − 1
2
bc
)
.
Let now v0 = 12 (st − cr) and w0 = s. Then from a < b we conclude v4 < w3.
Assume v4 = w5. Again we have two possibilities, v0 = 12 (cr − st) and w0 = −s or v0 =
1
2 (st − cr) and w0 = s. But we have just proved that in this case v4 < w3 < w5.
Assume now v4 = w4. This is impossible if z0 > 0. Moreover, it is easy to see if z0 = −2,
then w2  v2 which implies w4 > v4. Also if z0 = 12 (st − cr), then v2 = w2, which implies
v4 < w4. 
Proposition 1. If {a, b, c, d} is a D(4)-quadruple such that a < b < c < d , then either d = d+,
or one of the following two statements is valid:
(i) d  0.022c4.5a3.5,
(ii) d  0.087c3.5b2.5 and c > 0.036b3.5.
Proof. From Lemma 5, d = d+ or we have two possibilities. First, if m 5, then from the proof
of [10, Lemma 5]
z v5 > (s − 1)4 · c2.472 4√ac > 0.1511a
1.75c2.75,
which implies
d  0.02283a
3.5c5.5 − 4
c
> 0.022c4.5a3.5.
The second statement can be proven the same way. We have
z = w4 > c
2.224 4
√
bc
(t − 1)3 > 0.297c 4
√
b5c5
and
d  0.0882b
2.5c4.5 − 4
c
> 0.087c3.5b2.5. 
Corollary 1. If {a, b, c, d, e} is a D(4)-quintuple such that a < b < c < d < e, then
(i) e 0.022d4.5b3.5 or
(ii) e 0.087d3.5c2.5 and d > 0.036b3.5.
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e d(bc + 4) < d
(
1
4
d(d − 1) + 4
)
<
1
4
d3.
Thus the D(4)-quadruple {a, c, d, e} is not regular, so Proposition 1 implies
e > 0.022d4.5a3.5 >
1
4
d3,
or
e > 0.087d3.5c2.5 >
1
4
d3,
which in either case is a contradiction. Now the statement of the corollary follows from Proposi-
tion 1, because the quadruple {b, c, d, e} is not regular. 
4. Large solutions
In this section we will prove Theorem 1, except for the finitely many D(4)-triples {a, b, c}.
The following lemma can be proven on the exactly the same way as [10, Lemma 13] and it
gives us the lower bound of n, depending on c.
Lemma 6. Let {a, b, c} be a D(4)-triple such that c > max{7b11,1026}. Then vm = wn, n > 2,
implies n > c0.07.
Let us now define θ1 = sa
√
a
c
, θ2 = tb
√
b
c
. The numbers s and t are defined by (1).
Lemma 7. (See [9, Lemma 6].) If x, y, z are positive solutions of the system of Eqs. (2) and (3),
then
max
{∣∣∣∣θ1 − sbxabz
∣∣∣∣,
∣∣∣∣θ2 − tayabz
∣∣∣∣
}
<
2c
a
z−2.
Now we will use the Bennett’s theorem about simultaneous rational approximations of the
square roots of the numbers that are close to 1.
Theorem 2. (See [3, Theorem 3.2].) Let ai,pi, q and N be integers for 0  i  2 such that
a0 < a1 < a2, aj = 0 for some 0 j  2, q = 0 and N > M9 where M = max{|ai |: 0 i  2}.
Then
max
{∣∣∣∣
√
1 + ai
N
− pi
q
∣∣∣∣: 0 i  2
}
> (130Nγ )−1q−λ,
where
λ = 1 + log(32.04Nγ )
log(1.68N2
∏
(a − a )−2)0i<j2 i j
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γ =
⎧⎨
⎩
(a2−a0)2(a2−a0)2
2a2−a0−a1 , if a2 − a1  a1 − a0,
(a2−a0)2(a1−a0)2
a1+a2−2a0 , if a2 − a1 < a1 − a0.
The following proposition can be proven on the same way as in [10] so we will not give details
here. We will only check that the conditions of Bennett’s theorem are satisfied.
Proposition 2. Let {a, b, c, d} be a D(4)-quadruple such that a < b < c < d and c >
max{7b11,1026}. Then d < c59.
Proof. Let
ad + 4 = x2, bd + 4 = y2, cd + 4 = z2.
Now we will apply Bennett’s theorem (Theorem 2) to the following numbers:
a0 = 0, a1 = 4a, a2 = 4b, N = abc, M = 4b, q = abz, p1 = sbx, p2 = tay.
It is easy to check that N > M9 = 49b9. If b < 194 we have M9 = 49b9 < 1026 < c < N .
And if b  194, we get M9 = 49b9 < 7b11 < c < N . The rest can be proven exactly as [10,
Proposition 2]. Here we get z < c30 and d < c59. 
Lemma 8. Let {a, b, c, d} be a D(4)-quadruple such that a < b < c < d and c >
max{7b11,1026}. Then d = d+.
Proof. If we define
ad + 4 = x2, bd + 4 = y2, cd + 4 = z2,
there exist m,n 0 such that z = vm = wn. But if n > 2, we get
z = wn > c
2.224 4
√
bc
(t − 1)n−1 > c
2.224 4
√
bc
(0.999
√
bc )n−1 > c
n
2 .
Then Proposition 2 implies n 60. If we apply Lemma 6, we get c 2.53 ·1025, a contradiction.
Therefore n 2, and it follows that d = d+. 
Now we are ready to prove our main result, except for the finitely many D(4)-triples.
Proposition 3.
(i) An irregular D(4)-quadruple cannot be extended to a D(4)-sextuple.
(ii) Only finitely many regular D(4)-quadruples can be extended to a D(4)-sextuple.
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{a, b, c, d} is irregular quadruple. Then Corollary 1 implies that we have two possibilities. The
first possibility is
e > 0.022d4.5b3.5 > 0.022
(
0.036c3.5a2.5
)4.5
b3.5 > 7b11,
where we have also used [10, Proposition 1]. Also, since d > 4 · 107, we get e > 1026. In the
other case we have
e > 0.087d3.5c2.5 > 7.7 · 10−7c14.75 > 7b11
and because d > 4 · 107, we conclude e > 1026. Therefore, the quadruple {a, b, e, f } satisfies
the condition of Lemma 8. It follows that f = f+ < e(ab + 4) < e3, while on the other hand we
have f > 0.036e3.5c2.5 > e3, which gives us a contradiction. So we have proved that no irregular
D(4)-quadruple can be extended to a sextuple.
(ii) Assume now that {a, b, c, d} is regular. Then it is easy to see that the second statement of
Corollary 1 cannot be satisfied. Therefore we have
e > 0.022d4.5b3.5 > 0.022(abc)4.5b3.5 > 7b11,
and if 0.022d4.5b3.5 > 1026, we get contradiction as in the previous case. So we have proved that
there are only finitely many regular quadruples that can be extended to a sextuple. 
5. There does no exist D(4)-sextuple
In this section we will finish the proof of Theorem 1. In particular, we will prove that if
{a, b, c, d} is a regular D(4)-quadruple, such that 0.022d4.5b3.5 < 1026, then there is the unique
extension of D(4)-triple {a, b, c} with element d > max{a, b, c}. It is easy to list all regular
quadruples such that 0.022d4.5b3.5 < 1026. Indeed, there are at most 852 of them (actually we
have used slightly worse constants in C++ because it is faster if we do not work with rational
exponents) and we have exact values for a, b, c. Here we will use Baker–Wüstholz theorem (see
[2]). First we need the lemma that we have proven in [10].
Lemma 9. If vm = wn, m,n = 0, then
0 < m log
(
s + √ac
2
)
− n log
(
t + √bc
2
)
+ log
√
b(x0
√
c + z0√a )√
a(y1
√
c + z1
√
b )
< 2ac
(
s + √ac
2
)−2m
.
Theorem 3. (See [2, Theorem].) Let Λ = b1 logα1 + · · · + bl logαl = 0 be a linear form of l
logarithms of algebraic numbers α1, . . . , αl with integer coefficients b1, . . . , bl . Then
logΛ > −18(l + 1)!ll+1(32d)l+2h′(α1) · · ·h′(αl) log(2ld) logB, (12)
where B = max{|bj |: 1  j  l}, d is a degree of the number field generated by α1, . . . , αl ,
h′(α) = 1 {h(α), log |α|,1}. Here h(α) denotes standard Weil logarithmic height of α.d
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d = 4 and B m + 1. Furthermore
α1 = s +
√
ac
2
, α2 = t +
√
bc
2
, α3 =
√
b(x0
√
c + z0√a )√
a(y1
√
c + z1
√
b )
.
Minimal polynomials of α1, α2 are α2 − sα+1 = 0, α2 − tα+1 = 0 respectively, and conjugates
of α3 are
√
b(x0
√
c±|z0|√a )√
a(y1
√
c±|z1|
√
b )
. So we have the following estimates
h′(α1) = 12 logα1 <
1
2
log c,
h′(α2) = 12 logα2 <
1
2
log c.
To estimate h′(α3) we need to find upper bounds for conjugates of α3. We have
√
b(x0
√
c + |z0|√a )√
a(y1
√
c + |z1|
√
b )
<
√
b · 2x0√c√
a · y1√c < 2.472
4
√
b2c
a
,
√
b(x0
√
c + |z0|√a )√
a(y1
√
c − |z1|
√
b )
<
√
b · 2x0√c · 2y1√c√
a · 4(c − b) <
c
√
b · 1.38679 4√abc2
3a
√
a
< 0.4623 4
√
b3c6
a5
,
√
b(x0
√
c − |z0|√a )√
a(y1
√
c + |z1|
√
b )
<
√
b · 4(c − a)√
a · x0√c · y1√c < 4
√
b
a
,
√
b(x0
√
c − |z0|√a )√
a(y1
√
c − |z1|
√
b )
<
√
b · 4(c − a) · 2y1√c√
a · 4(c − b) · x0√c < 2.244
4
√
b3c
a2
.
It implies
h′(α3) = 14
(
16a2(c − b)2 · 2.472 4
√
b2c
a
· 0.4623 4
√
b3c6
a5
· 4
√
b
a
· 2.244 4
√
b3c
a2
)
<
1
4
log
(
164.112a−0.5b2.5c4
)
< 3.425 log c.
On the other hand if we want to see whether we have any extension to our D(4)-triple except
with d = d+ we can take m 4. It implies
log 2ac
(
s + √ac
2
)−2m
= logac − 2m log
(
s + √ac
2
)
< log 2ac − m log c < log c2 − m log c
= (2 − m) log c−1m log c.2
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m
log(m + 1) < 6.543 · 10
15 log2 c.
But now we have the exact values for c and we get m < 1020. So for the remaining triples {a, b, c}
we proved that vm = wn implies m < 1020 or d = d+.
To finish the proof of Theorem 1 we use standard reduction method in solving this kind of
problem. We apply Baker–Davenport lemma (see [1,8]) on the inequality from Lemma 9. In all
remaining cases, for the exact values of a, b, c, which gives us the exact values or upper bound
for s, t , x0, y1, z0, z1 (see Lemma 4), we get after at most 4 steps of reduction m 3. We have
used Mathematica 5.2 to do that.
And it is exactly what we wanted, because now we have the unique extension of D(4)-triple
{a, b, c} to quadruple, so we cannot neither extend it to a sextuple.
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